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Exercise 3.7 (Euler’s constant). We know from Exercise 6.3 of Chapter 3 (and also the
Integral Test) that
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What about the sequence {7}, where

T, = 1+-+---——Inn

Calculating a few values of {T,}, we have T} = 0, To = 0.3069, T3 = 0.4014, T, = 0.447,
Ts = 0.4739, and Tip00 = 0.5767. Looking at these values, we hypothesize that {T,} is

bounded, monotonic, and so convergant. We shall now prove this.

Recall from the proof of Lemma 3.1, that if f is strictly decreasing and continuous on the

interval [1,00), then for n > 2,

f(2)+f(3)+---f(n)S/lnf(x)dxﬁf(1)+f(2)+---+f(n—1)-

Letting f(z) = 2, we have
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Using the above equation, we can show that {7},} is bounded. By mulipling the inequality

by —1 (and thereby flipping the directions of the inequalities) and adding S,, we have
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This collapses to
1
1>S5,—Inz > —.
n



So, for all n, S, — Inn < 1. That is, it is bounded.

The next step in proving the convergance of T, is to show that it is monotonic. We have
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= i1 —[In(n+1) —Inn).

To show that {7},} is monotonic, we show that
Tyir — Ty < 0.

We can use the above equation to show this. We also use the Mean-Value Theorem.

The Mean-Value Theorem states that if a function f(z) is defined and continous on the

interval [a, b] and differentiable on (a,b), then there exists a ¢ € (a,b) such that

£(b) = ()

f'le) = H5—

For this problem, let f(a) = Inz. This function is defined, continous, and differentiable on
[1, 00|, which is the interval we are interested in. Let @ =n and b =n + 1. Then
1
In(n+1) —Inn = — for some ¢ such that n < ¢ <n+ 1.
c

We can substitute this into our inequality to get

1
Toy1——<O0Oforn<c<n+1.
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So the left side can range from n;jn to 0. Therefore T},.1 —T,, < 0 for all n. We have shown

that {7} is bounded and monotonic, therefore it is convergant. O



